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Abstract 
An adaptive control procedure utilising neural networks is presented. The method is based on the model refer-
ence control technique and can be applied to multi-input multi-output discrete-time nonlinear systems of unknown 
structure. Multi-layered neural networks are used to approximate the plant Jacobian and synthesise the controller. 
An enhanced reference model is proposed which generates the desired output response and enables sufficient con-
ditions for the convergence of the tracking error between the desired output and controlled output to be derived. 
Lyapunov theory is used to show that the overall system is stable. Simulation studies demonstrate that the pro-
posed scheme performs well even in the presence of dynamic perturbations. 
Keywords: neural networks, adaptive control, tracking error convergence 

1 Introduction 

In contrast to linear adaptive control, adaptive design 
techniques for nonlinear systems have yet to be estab-
lished for a general class of nonlinear structure. Most 
of the commonly used geometric approaches to nonlin-
ear adaptive control, such as input-output linearisation 
and feedback linearisation, primarily deal with systems 
where the uncertainty is due to unknown parameters 
which appear linearly with respect to the known non-
linearities. Furthermore, such systems are generally 
linear in control (affine). 

The emergence of artificial neural networks as a method 
of forming an arbitrarily close approximation to any 
continuous nonlinear function [1, 2) has offered an al-
ternative approach to solve a more general class of non-
linear problems. The parallel nature of neural networks 
and their fast adaptability has provided additional in-
centive for the investigation of their use in the identifi-
cation and control of complex nonlinear systems. Con-
sequently, several neural network based control archi-
tectures have been proposed in recent years [3, 4, 5, 6). 

Critical to any practical adaptive control approach is 
the convergence of the tracking error and the stability 
of the closed-loop system. However, in a control system 
with neural networks it is difficult to prove properties 
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such as stability. The main reason is the mathemat-
ical difficulties associated with the use of highly non-
linear neural network controllers in complex nonlinear 
systems. Some progress has been made in this area 
and some important theoretical results are beginning 
to emerge [3, 6), but the overall knowledge and develop-
ment of stability techniques for neural control systems 
is still quite immature. 

This paper is concerned with the development of a sta-
ble neural network based adaptive control scheme for 
discrete-time nonlinear systems. The scheme is based 
on the model reference adaptive control design method-
ology with a multi-layered neural network generating 
the model reference control. The neural adaptive con-
trol framework is developed for arguably the least an-
alytically tractable nonlinear system, namely general 
multi-input multi-output non-affine discrete-time dy-
namic systems with unknown structure. Therefore the 
approach is capable of dealing with systems where the 
control is heavily embedded within the nonlinearities 
of the system dynamics. This is in contrast to many of 
the existing approaches to the control of nonlinear sys-
tems. The relative degree and order of the system and 
the maximum Jag in the plant input and plant output 
terms are the only a priori knowledge assumed. 

The general philosophy of the approach proposed m 

Australian Journal of Intelligent Information Processing Systems 



this paper is inspired by the optimal decision strat-
egy {ODS) approaches of Spong et al. [7] and Re-
hbock et al. [8]. As a consequence, an enhanced refer-
ence model is proposed which enables the derivation of 
sufficient conditions to ensure the convergence of the 
tracking error between the controlled output and the 
desired response for a general class of nonlinear sys-
tem. Lyapunov theory is used to show that the closed-
loop system is stable. Simulation studies undertaken 
demonstrate the effectiveness of the proposed scheme 
in controlling discrete-time nonlinear systems subject 
to dynamic variations and uncertainties. 

2 An Enhanced Model Reference 
Neural Control Scheme 

The neural controller which is proposed in this paper 
is based on the well established model reference adap-
tive control methodology. The scheme incorporates a 
stable reference model which reflects the desired closed-
loop dynamics of the plant. The controller is designed 
to generate control variables such that the output of 
the plant tracks the reference model output for a given 
bounded reference input. This is achieved by adjust-
ing the parameters of the controller via the adjustment 
mechanism so as to minimise the error between the 
reference model and the system. For a neural net-
work based model reference control problem the above 
scheme can be mathematically expressed as follows: 

Consider a plant governed by the following nonlinear 
difference equation 

f(Yp(k), · · ·, Yp(k -I+ 1); 
u(k), · · ·, u(k- m+ 1)) 

V'kEN {1) 

where Yp E Rn is the output vector, u E Rr is the 
control vector, f : Rnxl X 1wxm -+ IRn is a smooth 
nonlinear function, Ypo is the initial output vector , k is 
the time index, N is the set of natural numbers and m 
and 1 are the number of delayed values of plant input 
and plant output respectively. 

Consider a stable reference model governed by 

Ym(k + 1) 
Ym(O) 

fm(Ym(k), · · ·, Ym(k- d + 1); r(k)) 
Ymo (2) 

where Ym E IRn is the reference model output vector, 
rE Rn is the reference input, fm : Rnxd X Rr -+ Rn 
is usually a linear function, d :=:: 1 and Ymo is a given 
initial output vector for the reference model. 

The control strategy is to find a feasible control input 

u(k) = g(yp(k), · · ·, Yp(k- 1 + 1); u(k- 1), · · ·, 
u(k- m+ 1); r(k); We) (3) 
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where g : nnxl X Rrxm -+ Rr ' is a neural network 
parameterised by the weights We, such that the corre-
sponding plant output is nearest, in some norm sense, 
to a desired output y:., ( k + 1). This output variable is 
to be specified a priori as a function of the plant out-
put and the reference model output. An appropriate 
way to generate y:n ( k + 1) is 

y:r,(k + 1) = Ym(k + 1)- A(ym(k)- Yp(k)) (4) 

where A is ann x n Hurwitz (stable) matrix. The com-
bination of the reference model {2) and the enhanced 
output ( 4) is called the enhanced reference model in 
Figure 1. By minimising the cost function given by 

~------------------------ - -~ 
1 Reference Y,.(k+ l) Enhanced Reference Model : 

.------',-~ Model I 

I 

L--- --------- -~ 
I 

Figure 1: Block diagram of the proposed control pro-
cedure with enhanced reference model 

E=f})y:r,(k + 1)- Yp(k + 1))7{y'm(k + 1)- Yp(k + 1)) 
1:=0 

(5) 
where N is the number of samples, a suitable control 
input u(k) is generated. 

The motivation for using v'm ( k + 1) in the cost function 
is that sufficient conditions to ensure the convergence of 
the tracking error can be established. To demonstrate 
this , firstly define the tracking error as 

Ym(k + 1)- Yp(k + 1) 
eo (6) 

A residual c(k + 1) which represents the difference be-
tween the plant output and desired response, is then 
introduced, i.e., 

c(k + 1) = y:r,(k + 1)- Yp(k + 1) 

It follows that 

A(ym(k)- Yp(k)) + c(k + 1) 

(7) 

AeT(k) + c(k + 1) (8) 

The principal aim of any model reference adaptive con-
trol scheme is to ensure the convergence of the tracking 
error. It can be shown that with the proposed en-
hancement, the neural network based MRAC scheme 
presented here will satisfy this aim under certain condi-
tions. This issue is addressed in the following theorem. 
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THEOREM 2.1 The tracking error eT(k) converges 
to zero if the residual c( k + 1) satisfies the following 
inequality 

llc(k + 1)11 :S 1
- ~max lleT(k)ll Vk EN 

(9) 
where 11·11 is the l2-norm, K = IISIIIIS- 1 11, Amax is the 
largest eigenvalue of A, and S is the matrix of eigen-
vectors of A. 

Proof: Consider the tracking error defined by (8), 
i.e., 

Recursively substituting (17) into (18) yields 

!(k) :S K lleoll B(m) + m1(0) B(m) 

where 

(19) 

(k- 1)(k- 2) B(m) = mk- 1+(k- 1)mk-2+ mk-3 
2 

+ ···+ e~1)mk-1-i+ · · · 
(k- 1)(k- 2) 

+ m2 +(k-1)m+1 (20) 
2 

Using the binomial theorem, (19) can written as 

!(k) ::; [K lleoll + m1(0)](m + 1)k-l (21) eT(k + 1) = AeT(k) + c(k + 1) 
eT(O) = eo (10) With 1(0) = lleoll 

Its solution takes the form !(k)::; (K +m) lleoll (m+ 1)k-1 (22) 
k 

eT(k) = Akeo + L Ak-ic(i) (11) Multiplying (22) by A~ax> one gets 
i=l 

Taking l2-norms of both sides of (11) yields 
k 

lleT(k)ll :S IIAklllleoll + L IIAk-illllc(i)ll (12) 
i=1 

Assume that A is chosen such that it has real and dis-
tinct eigenvalues. Therefore 

(13) 

where A is a diagonal matrix with the eigenvalues of 
A on the main diagonal and S is the corresponding 
matrix of eigenvectors of A . It follows that 

IIAkll ::; IISIIIIAkiiiiS-1 11 
::; KA~az (14) 

where K = IISII IIS-111 and Amaz is the largest eigen-
value of A. From (12) and (14), one gets 

k 

lleT(k)ll :S l<A~ax lleoll + L KA~~~ llc(i)ll (15) 
i=1 

Consider that inequality (9) holds. Therefore (15) be-
comes 

k 

lleT(k)ll :S I<A:naz Ileal I+ L mA~~~+l lleT(i- 1)11 
i=1 

(16) 
where m < 1 ~:~:·. Multiplying (16) by A;;,~z and 
defining 1(k) = A;;,~zlleT(k)ll, yields 

k 

i(k) :SI<. lleoll + L m1(i- 1) (17) 
i=l 

Expanding ( 17), one gets 

!(k) S K lleoll + m1(0) + m1(1) + · · · + m1(k- 1) 
:S K lleoll + m1(0) + m[K lleoll + m1(0)] + · · · 
+ m[KIIeoll+m!(O)+m!(1)+ · ·+m1(k- 2)] 

(18) 
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or 

lleT(k)ll :S (I<+ m) lleoll (m+ 1)k-l A~ax 

K+m k lleT(k)ll < --1 lleoll [(m+ 1)Amax] -m+ 

(23) 

(24) 

As m < ~ - 1, then (m+ 1)Amaz < 1. Thus as 
k- oo, lle;(%)11- 0 

I I I 

Stability of the overall system is another important 
property which needs to be demonstrated in order that 
the control scheme fulfills its original aims. Lyapunov 
stability theory may be used to guarantee stability. 
This involves firstly choosing a Lyapunov function can-
didate, and then selecting the control strategy to en-
sure that the hypotheses of a particular stability theo-
rem are satisfied. More precisely, consider the tracking 
error 

eT(k + 1) = AeT(k) + c(k + 1); eT(O) = e0 (25) 

Let a possible Lyapunov function candidate be 

V(eT(k)) = eT(k? PeT(k) (26) 

where P E Rnxn is a positive definite real symmetric 
matrix. Then 

.6-V(eT(k)) = V(eT(k + 1))- V(eT(k)) 
eT(k + 1? PeT(k + 1)- eT(k)T PeT(k) 

= [AeT(k) + c(k + 1)f P(AeT(k) + c(k + 1)] 
-eT(k)T PeT(k) 

= eT(kf AT PAeT(k) + eT(k? AT Pc(k + 1) 
+c(k + 1)T PAeT(k) + c(k + 1)T Pc(k + 1) 

-4(k)PeT(k) 
= eT(k?[AT PA- P]eT(k)+2c(k + 1)T PAeT(k) 

+cT(k + 1)Pc(k + 1) 
= -eT(k)T QeT(k) + 2c(k + 1? PAeT(k) 

+cT(k + 1)Pc(k + 1) (27) 
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If 

2c(k+1f PAeT(k)+c(k+1)T Pc(k+1) < eT(kf QeT(k) 
(28) 

where -Q =AT PA - P, then 

~V(eT(k)) < 0 (a negative definite) (29) 

Thus if c(k + 1) satisfies the inequality (28), then the 
neighbourhood eT = 0 of (25) is stable. 

I I I 

The result is stated as follows: 

THEOREM 2.2 There exists a Lyapunov function 
candidate V(eT(k)) = eT(k)T PeT(k) which results in 
the neighbourhood ET = 0 of (25} being stable, where P 
is a solution of the Lyapunov equation AT P A- P = 
-Q; Q E Rnxn, if the residual c(k + 1) satisfies the 
inequality 

2c(k+1)T PAeT(k)+c(k+1f Pc(k+1) < eT(k)T QeT(k). 
(30) 

REMARK 2.1 The inequality {30} is also an alter-
native sufficient condition on the residual c( k + 1). 

It can be shown that the cost function given in (5) can 
be minimised by the following [9]: 

au(k) 
Wc(k + 1) = Wc(k) + 'fJ {)Wc(k) ec(k) (31) 

where We are the controller neural network weights, 'fJ 

is the learning rate, the term 8;;~2) is obtained from 
the backpropagation algorithm and the controller error 
is an r-dimensional vector ee = [ e.c1 , ec2 , •.• , ec.J given 
by 

_ ayp(k + 1) 
ec(k)- au(k) (I- A)(v(k)- Yp(k + 1)) (32) 

The above weight update equation involves the J a-
cobian of the plant aya$01), which is unknown. An 

approximate of the Jacobian aga~~0l), is obtained by 
backpropagation through the neural network that iden-
tifies the plant [10]. The resultant weight update equa-
tion for this and the term Yp(k + 1) represents the n-
dimensional neural network estimate of the plant out-
put vector. The weight update equation (31) is then 
used in conjunction with the backpropagation algo-
rithm to train and synthesise the controller. 

In order that the residual c( k + 1) satisfies either suf-
ficient condition (9) or (30), an iterative search is con-
ducted on the control. The search is initialised with 
the controller input vector at time k and the controller 
network weights are modified according to the weight 
update equation (31) until one of the the termination 
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criteria are met: (i) the residual satisfies (9), (ii) the 
residual satisfies (30), or ( iii) the number of iterations 
reaches a maximum ("computationallimit"). The new 
value of control u(k) is then the value of control at the 
end of the iterative search. This approach is similar 
in spirit to the procedure presented by Hoskins et al. 
[11]. 

3 Simulation Examples 

3.1 Multi-Input Multi-Output System 

The theory for the enhanced model reference neural 
adaptive control scheme furnished in Section 2 is de-
rived for a general multi-input multi-output case. There-
fore to demonstrate the effectiveness of the proposed 
scheme, a multivariable simulation study is presented. 
The system is nonlinear in output variable and control 
and the nonlinearities are not separable. The plant 
consists of cross-coupling in the output variables. 

EXAMPLE 3.1 The plant dynamics are described 
by the following difference equation 

A stable linear reference model given by the following 
difference equation is used 

Ym 1 (k + 1) = 0.5ym1 (k) + 0.6u1(k) + 0.5u3(k) 
Ym 2 (k + 1) = 0.5ym2 (k) + 0.5u2(k) + 0.5u3(k)(34) 

For multiple-output systems, a diagonal matrix A is 
usually considered for the sake of simplicity. Therefore, 
the enhanced reference model which is used consists of 
(34) and 

[Y~ 1 (k + 1)] = [Ym 1 (k + 1)] _A [Ym 1 (k)- Yp(k)] 
Ym 2 ( k + 1) Ym 2 ( k + 1) Ym 2 ( k) - Yp ( k) 

_ [Ym 1 (k+l)] - [au 0] [Ym 1 (k)-Yp(k)] 
- Ym 2 (k + 1) 0 a22 Ym 2 (k)- Yp(k) 

(35) 

REMARK 3.1 In order for Theorem 2.1 to be valid 
the relationship 1-;r . ., > 0 must hold, where /{ = 
IISIIIIS-1 11 and 11·11 is the Euclidean 2-norm. Therefore 
the maximum eigenvalue of A is Amax < 1. For an n X 

n diagonal matrix A, the eigenvalues are the diagonal 
elements a;;, where i = 1 ... n. Hence the diagonal 
elements of A should be chosen such that a;; < 1. For 
this example, the elements of the 2 x 2 diagonal matrix 
A are chosen such that au = a22 = 0.2. 
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REMARK 3.2 Theorem 2.1 provides a sufficient con-
dition for the guaranteed convergence of the tracking 
error. However, if the tracking error grows whilst it 
is not satisfied then the stability matrix A is adjusted 
in order to try and force the convergence of the track-
ing error. Whilst this provides the designer with an 
additional degree of freedom, the adjustment of A is 
presently achieved in a heuristic manner with the only 
guidelines provided by the previous remark. 

1.5 
yp1 -
yml ---· .---- yml' ...... 

.-----
,--

0.5 
,.---- ,.----

,.----

...... ............. ....... I····· i···· 

.__ 
-0.5 ...._ .._____ 

L__ 

·1 '------, 
.._____ 

-1.5 
0 100 200 300 400 500 600 

Time Samples 

1.5 
yp2-
ym2 ·---· 

ym2' •••••. 

0.5 

I ........................... ... 

-0.5 

·1 

-1.5 
0 100 200 300 400 500 600 

'l'ilae Samples 

Figure 2a: Response of the plant (Yp = [yp,, Yp 2 ]T), 
reference model (Ym = [Ym,, Ym 2 ]T) and enhanced ref-
erence model (y'm = [y'm,, y'm 2 JT) for Example 3.1 

A neural network consisting of 3 outputs [u1 , u 2 , u3], 

5 inputs [Yp,, Yp 2 , u1, u2, u3] and 2 hidden layers with 
10 nodes each is used to implement the controller, i.e., 
0~ 10 10 3 . The emulator network belonged to the class a' , , . 
0 5 10 10 2 . A learnmg rate of 'fJ = 0.2 and momentum 
rate ~f ~ = 0.1 is used for both networks. 

The ability of the controller to adapt to a changing 
input is investigated by considering the following ref-
erence input 

r3(k) 
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a(k/200)sgn[sin( ~~~ )] 

a(k/200)sgn[sin( ~~~ )] 

0.2a(k/200)sgn[sin( ~~~ )] (36) 

where a(k/200) is a random variable in lR[O, 1] whose 
value is changed every 200 samples. The various re-
sponses for this input are given in Figures 2a and 2b. 

The plant, reference model and enhanced reference model 
responses shown in Figure 2a indicate that the tracking 
performance of the the enhanced neural control scheme 
is very good despite the variable nature of the refer-
ence input and the complex cross-coupling of variables 
which exists in the the system. In fact, after the first 
few samples, there is no discernible difference between 
the plant and reference model responses. 

Figure 2b demonstrates that the control required to 
achieve the good tracking performance is relatively in-
active. This is particularly significant from a practical 
viewpoint as minimal control activity helps to reduce 
the "wear and tear" on the control mechanism and min-
imise the energy usage, which in turn means a more 
economical system . 

The excellent performance of the enhanced neural con-
trol scheme for this simulation study suggests that the 
proposed scheme is capable of effectively controlling 
complex nonlinear multi-input multi-output systems. 
This augers well for the practical viability of the scheme, 
as a host of commonly occurring practical systems are 
multivariable structures. 

3.2 Plant Uncertainty 

In this example the robustness of the proposed con-
trol scheme to plant uncertainty is investigated. The 
performance of a control system in the face of plant 
uncertainty is an important issue. No mathematical 
system can exactly model a physical system and as 
a result it is necessary to be aware of how modelling 
errors due to the plant uncertainties affect the per-
formance of the control system. Typical sources of 
uncertainty include unmodelled (high-frequency) dy-
namics, neglected nonlinearities, over-parameterisation 
or under-parameterisation and plant parameter ( dy-
namic) perturbations. 

Dynamic perturbations (or variations in the dynamics 
of the system) are often due to environmental factors 
such as temperature, air speed, age or a changing en-
vironment. An example of a dynamic perturbation is 
the effect of changing sea-conditions on a ship. As the 
coefficients of the dynamic ship model are functions of 
speed, this change in environmental conditions results 
in a variation in the dynamics of the ship system. If the 
control system performs well for substantial variations 
in the system dynamics from the design scheme and 
the stability of the closed-loop system is maintained, 
then the scheme is said to be robust. Plant uncertain-
ties of the types described above can be represented in 
the form of an additive or multiplicative perturbation. 
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Figure 2b: Control input ( u = [ u1, u 2 , ua]T) for Ex-
ample 3.1 
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EXAMPLE 3.2 Both additive (!lfa) and multiplica-
tive (!lfm) perturbation models are considered to ver-
ify the robustness of the neural network based model 
reference control scheme in the presence of structural 
variations in the plant. Therefore the two systems con-
sidered are given by the following difference equations 

where the perturbation models used are given by 

k < 400 
k 2:: 400 (39) 

The reference model considered also consists of a vari-
able structure. It is given by the following difference 
equation 

Ym(k + 1) = 0.2ym(k) + 0.2ym(k- 1) + r(k) (40) 
Ym(k + 1) = 0.2ym(k) + 0.5r(k) (41) 

where ( 40) is for k < 800 and ( 41) is for k 2:: 800. In 
practice a change in the reference model may often oc-
cur when the closed loop response of the system needs 
to be altered in order to meet the performance require-
ments. For example, it may be that for the given oper-
ating conditions, the response of the closed loop system 
needs to be quicker or that the gain of the overall sys-
tem is insufficient and therefore, the reference model 
needs to be changed in order to overcome these prob-
lems. 

The enhanced reference model chosen is ofthe form 

Ym(k + 1) = Ym(k + 1)- 0.1(Ym(k)- Yp(k)) (42) 

Neural networks belonging to the class 0~ 20 10 1 are 
used for both the controller and emulator' n~t~orks. 
A learning rate of 'fJ = 0.2 and a momentum rate of 
a = 0.1 is also used. 

Figure 3a shows the response for the plant, reference 
model and enhanced reference model for the enhanced 
neural control scheme with an additive perturbation 
present. The corresponding responses for the multi-
plicative perturbation case are provided in Figure 3b 
The simulation results indicate that the outputs of the 
unknown plant track the outputs of the reference model 
(and enhanced reference model) very closely, despite 
the fact that the structure of the plant is varied during 
the control process. Furthermore, the control scheme 
is capable of effectively dealing with the change in ref-
erence model. 
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Figure 3a: Response of the plant (Yp), reference 
model (Ym) and enhanced reference model (y'm) for an 
additive perturbation model with the enhanced refer-
ence model 
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Figure 3b: Response of the plant (Yp), reference 
model (Ym) and enhanced reference model (y~) for a 
multiplicative perturbation model with the enhanced 
reference model 

4 Conclusions 

An approach to control a discrete-time multi-input multi-
output nonlinear system of unknown structure is pre-
sented in this paper. The approach is based on the 
model reference control scheme. An enhanced refer-
ence model is proposed which enables the important 
issues of the convergence of the tracking error between 
the plant output and the reference model output, and 
the stability of the overall closed-loop system to be ad-
dressed. 

A simulation study is conducted to demonstrate the 
effectiveness of the approach in controlling complex 
multi-input multi-output nonlinear systems. In par-
ticular, a multivariable system is considered in which 
the control is heavily embedded in the nonlinearities of 
the system and the output variables are cross-coupled. 
Such systems are generally not addressed by many of 
the traditional approaches to nonlinear adaptive con-
trol. 

The robustness of the scheme to variations in the dy-
namics of the system is also investigated via a sim-
ulation study. Such variations are common in prac-
tical systems and can represent changes in the envi-
ronmental or operating conditions of the system. The 
scheme is shown to be effective in dealing with both ad-
ditive and multiplicative perturbations. The effect of a 
change in the reference model and therefore a change 
in the desired closed closed loop response of the sys-
tem is also investigated. The scheme is also found to 
be robust to these changes. 
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